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Question booklet 1

* Questions 1 to 6 (52 marks)

* Answer all questions

» Write your answers in this question booklet

* You may write on page 10 if you need more space

» Allow approximately 65 minutes

» Approved calculators may be used — complete the box below

Examination information

Materials

¢ Question booklet 1

* Question booklet 2

* Formula sheet

» SACE registration number label

Instructions

» Show appropriate working and steps of logic in the question booklets

+ State all answers correct to three significant figures, unless otherwise instructed
» Use black or blue pen

* You may use a sharp dark pencil for diagrams and graphical representations

Total time: 130 minutes
Total marks: 100
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Graphics calculator
1. Brand
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Question 1 (7 marks)

d
Find ay for each of the following functions. There is no need to simplify your answers.

(@) y= ln(Sx2 - 2x)

. use %ﬁ(\“(«a}): )

Ay . wx-2 £ @)
doe 5x -1 (\Ao?efw\\\] o Yo notes S\Aee:k)

e dont wmake up loS \cws
- there are wove b e
vsed \nere!

(2 marks)

b) y=24 [Tx+1
X

P ls .o 0
. wr-’r\ws v mdex Forw

l
y= 4x~' ¢+ ('} ' _\..\) 2 prior % d-‘é(erenhq’dvs
can e \elpfu)

Y,
Ay = IRVES BV L I -l}_('-]-x-&-l) *F

) . doat " break Hee Clain
(fvie) '
(b1 Soigekking Ha *3")
(2 marks)
© y:sin(9yi—3)
8e
k> K

dy = ce5(Ax-3)xA% 8e*~Sin (ax-3) % e s Usiva e

dx (s e-x)?- Quokient Rule

¢ Convelhwe to

y= Sin(Bocs3) x (8e™) \
avel  USiw  He Prodwek
Rule

(3 marks)
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Question 3 (7 marks)

Consider the function f(x) = kx* +1, where k is a non-zero constant.

(a) Using first principles, show that f”(x) = 2kx.

Fllx) = lim K () 4+ = (e 4)) e Shew use of Cirsh
W0 " Pﬁac\'vles Formolg
= \im w&-ZK\t\x‘\-k\l\’LM—Wﬁ e Show Yhinowmial LpPawSion
I"COT)} W awd c.a\\ec\w‘»é We Yeow~y
C\QO(\»]
= Uw )'((7-'\"1 + K\") ° Swow M Co;u\ce,“.'\«s of
W->0 |28 *Ws' clearly as iy {8
a ey 3kep,
= ZKx o Ugg corvek \dwilk
wobe btom L= W
AV e X0

vp whl Yov ek h=o

(3 marks)
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Figure 2 shows the graph of y = f(x) for a certain value of k. The tangent to the graph at x =2 is also
shown. This tangent has a y-intercept at A.

A
/r

Figure 2

(b) Show that the tangent to the graph of y = f(x) at x =2 has the equation y = 4kx — 4k +1

() = 4 \c AN
') =4k

Y= +Rx 4+

Soodkal =4k r2 FC
€)
ez~ 4Rt |

ot

oY

Sl = 41k -4 K¢\

-

(c) If the y-coordinate of 4 is —11, determine the value of «.
M- iw Levce P\' \wp\\‘-e S
— 4l sl

0
)

- 4w

\
|
-
PJ
~
—
A

W

1
o)
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4‘K9c-—vl = 4w (1) - (4-\&.\«\)
4 -y = &=\ (K)

N = FRe -4l

.Saork o wake

e(> & ¢l() valves
cleav Skvo.cs\a\\- awvey

e eithey mellhod
'CI'V\Q (o Fhers
PosSivle))

« As it is o “Show’ qu,

= dk(x-1) + 4kl

Fhx -3 wardk 4|
4w - 4k 4\

o  ‘workin
o hwo
S\

\\'vxe,)
vized to Ve
i-e. (k)
%

(3 marks)

(V) W aley jw-r
v\Qsc»H\!C SfSV\S

(1 mark)
PLEASE TURN OVER



Question 4 part (a) — Solution #1 — using the Statistics app of a Casio fx-CG50 AU

Question 4 (10 marks)

Astro Cats cards are a type of trading card.
Among ordinary Astro Cats cards, gold cards can
be found by chance. The probability that a single
randomly selected card is a gold card is 0.035.
The trading cards are sold in packs of 10 randomly

selected cards.

(a) Assume that the number of gold cards found in packs of cards can be modelled using

a binomial distribution.

(i) For one randomly selected pack of cards, calculate the:

(1) expected number of gold cards.

X~ Bin (\o) ©.025)

EWX)=\0x0-035

= 0-35

S

(V) Deliinn Youl A ok om
(S vek Tessenkial

() Swow Ko | formole uSed
also wviok | eSSetial Fo

e LU wavk.

(2) probability of finding exactly one gold card.

s (*l-.: l)

= 0.154

(1 mark)

[E] Redfiorn? [d7e)Real

[Rad Forn2) IEII

Binomial P.D
Data Varlable

Numtrlal 10
:0.035
Save Res: None
[CALC]

Binomia

1
p=0. 25398839

(3) probability of finding more than two gold cards.

p(' ()( 7/ 7:)

- 0.00 418

=P 3 eC ol

(1 mark)

B Radfornd [dic]Res]

Binomial C.D

Data :Variable
Lower :

Upper :10
Numtrial:10

p :0.035
[(None JINED

Redformd [d7c)Real

(2 marks)

(i) A collector states that in 12 randomly selected packs of cards there is a 100% chance of
finding at least one gold card

Calculate thW

<
~e . vy D, 0.0 Binomial C.
\/ Bin ( ) ’5‘5) Data :Variable

ant probability to show that the collector’s statement is incorrect.

Source: created with assistance from DALL-E 2

W G Rxawa

Lower 01

B Radfiorn? (dic]Real

[E] RadNorm2) IEII

D

Oe (Y Y1) = ©.286 <\00% |\PPer. 1130

10

LIST

Numtrial:120
p .035

Blnomlal C.
=0. 98609158
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Packs of Astro Cats trading cards may also contain platinum cards. These cards are rare, and
the manufacturer does not publicly state how many are made. However, a website claims that the

proportion of platinum cards produced is no more than (0.004.

(b) To assess the accuracy of the website’s claim, a collector investigated their 1200 packs of
10 cards and found that these packs contained 51 platinum cards. The collector's 1200 packs
of 10 cards be considered a random sample for the purposes of this question.

(i) Show that the\proportion of platinum cards in this sample is 0.00425.

s BPawd  Fue  freckiowel fodfwa

rLoo ®LD e "F}

s diot} ™%y Fue w10 due fo
WO cards ped ?n,_;q_

(1 mark)
B
. ) . 1-Prop ZInterval
(i) Calculate a 90% confidence interval for the proportion of all|C-Level '5195
X :
: n :1200
[oe] il |of
0.00 323 § p X ©.00513 corvect | nofakion Xecute
B
an o """’”““"‘""‘1- 1-Prop Zlnterval

Lower=0.03108643
Upper=0.05391356
b =0.0425

n =1200

(iii) Hence, at the 90% confidence level, does the confidence interval that you calculated in
part (b)(ii) support the website's claim? Justify your answer.

*omSwey Mo \€Swe | queshion
NG, oS e confidewce fnlerve) Moo, 3{\11(_ o 5\.‘51-."{:1'(1*,'0.4

cowvnkaiv5 yalveg alvove 9.004 :

- ‘Sume_-'h'mc'i Mless S Yot |,
Do wob add |exive
declor ebions Vike “So e
cledun 18 Felse ™
(it S wot proves f<lse Yy \
Fe ez, Tk B Gab ot suwu%cut)

(2 marks)
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Question 4 part (a) — Solution #2 — using the Distribution app of a Casio fx-CG50 AU

Question 4

Astro Cats cards are a type of trading card.
Among ordinary Astro Cats cards, gold cards can
be found by chance. The probability that a single
randomly selected card is a gold card is 0.035.
The trading cards are sold in packs of 10 randomly

(10 marks)

selected cards.

(a) Assume that the number of gold cards found in packs of cards can be modelled using

a binomial distribution.

(i)

For one randomly selected pack of cards, calculate the:

(1) expected number of gold cards.

X~ Bin (16, 0.025)

(YY) Defivine

(S veb Tessenkiel

Source: created with assistance from DALL-E 2

Yool A okt o

W G Rxawa

E(X) = \0 x 0-03S () Swow e formole uSed
» S alSo wviokr | eSSevdial ol
=0-%5 We L waevk.

(1 mark)
(2) probability of finding exactly one gold card.
B B [OPTN][F1l:View Value
- i i P(X= 1)=[FTEE
PT (\‘ \> %é??mlal A (X=) Numtrial=10 p=0.035
X 01 o7
_ Numtrial:10 oE
0.154‘ p _0.035 0.4]
o
EXE DETAIL Ol’ 1 2 a 4 5 E 7 El a4 10 11 (1 mark)
(3) probability of finding more than two gold cards.
=7 3 of el
[E] [E]
Or (7( R %) Binomial Pz S)-IEARE
Tail 1A (X2) B e T
X . nter alue
= 0.00 428 Numtrial:10 |_
p :0.035 4.275272672x10-03
02
EXE DETA”_ Q 2 ERE [ B 7 ] 4 10 1}1{
(2 marks)

(i) A collector states that in 12 randomly selected packs of cards there is a 100% chance of

finding at least one gold card.
Calculate the refeVant probability to show that the collector’s statement is incorrect.

\/ r~ Bin ( \7_3}10) 0.025)

(YY) = 0.a3 <100%

B

El [OPTNI[F11:Edit/View Value

Binomial P(X2 B 0. 986]
Tail A (X2) Numtrial=120 p=0.035
X : 1 0.2
Numtrial:120
p :0.035 o
EXE DETA”_ 0 15 30 45 BO T 80 105 120
(1 mark)
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Packs of Astro Cats trading cards may also contain platinum cards. These cards are rare, and
the manufacturer does not publicly state how many are made. However, a website claims that the

proportion of platinum cards produced is no more than (0.004.

(b) To assess the accuracy of the website’s claim, a collector investigated their 1200 packs of
10 cards and found that these packs contained 51 platinum cards. The collector's 1200 packs
of 10 cards be considered a random sample for the purposes of this question.

(i) Show that the\proportion of platinum cards in this sample is 0.00425.

s BPawd  Fue  freckiowel fodfwa

rLoo ®LD e "F}

s diot} ™%y Fue w10 due fo
WO cards ped ?n,_;q_

(1 mark)
B
. ) . 1-Prop ZInterval
(i) Calculate a 90% confidence interval for the proportion of all|C-Level '5195
X :
: n :1200
[oe] il |of
0.00 323 § p X ©.00513 corvect | nofakion Xecute
B
an o """’”““"‘""‘1- 1-Prop Zlnterval

Lower=0.03108643
Upper=0.05391356
b =0.0425

n =1200

(iii) Hence, at the 90% confidence level, does the confidence interval that you calculated in
part (b)(ii) support the website's claim? Justify your answer.

*omSwey Mo \€Swe | queshion
NG, oS e confidewce fnlerve) Moo, 3{\11(_ o 5\.‘51-."{:1'(1*,'0.4

cowvnkaiv5 yalveg alvove 9.004 :

- ‘Sume_-'h'mc'i Mless S Yot |,
Do wob add |exive
declor ebions Vike “So e
cledun 18 Felse ™
(it S wot proves f<lse Yy \
Fe ez, Tk B Gab ot suwu%cut)

(2 marks)
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You may write on this page if you need more space to finish your answers to any of the questions in
this question booklet. Make sure to label each answer carefully (e.g. 4(a)(i)(3) continued).
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Question 5 (12 marks)

2
(a) Consider the function /' (x)= 1 +2x, where x # 1. Agraph of y = f'(x) is shown in Figure 3,
x —

with its two stationary points shown at 4 and B.

Yy
A f
| 7(x)
'\ B
) A i! 7

vl
Figure 3

) , 2x% —4x

(i) Show that f'(x)="——-.

(x=1)
(VY bwebler lo e CQuaiv Rule
C(w.) = ’L(‘JC-\)" Y21 Puan 0 comvert o 2 #1x (-0
amd Ve QR. (=)
Lo (ay= L (e-D)TE +2
. (2) SWwoww Mo wekivg of a
= = 72 + v « C')f-"") (@ IWRVVEWY CLQV\OW\(V\G\.‘W
(-0 (e~
L (%) Wakch yowl  iunowaiel
= o7 + 2t - 4% 3T RyPav-Sion
(-1t

(3 marks)

(i) Hence, use an algebraic approach to show that f(x) has exactly two stationary points,
atx=0and x=2.

€' () =o () weake vouv aloebraic epproact
i cleer  i-e. ‘:ad-mr\'%ivs o~ fe
= U "—4x=0 Quadkvele  Formau\a |

2% (x-1) =0 )

2= 0 of 92z
(2 marks)
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(iii) Prove or disprove your conjecture.

CS‘(,_),: -2 +£72 = 0O e Sek cs((vo):o \2adls ko
(2¢-w)- [N ol\;,aokro.k:c eaquvakfon
wlhen -7 +1(—x-w\)q‘=o - Se\lvivg Vview vvetuet
VS Qa akr  ubr  deunit
(- m" = | iss P (x)
2x-w = £\ (#‘) ¢ Qrpawdim avnel  Siwe
Yo quadehiz  fovwade
W= k| S less  eleacy Wuk
cen e efAfechive ,
oY¥
* Diviekn HMW‘:)\_\ iy T
CS‘(‘)(—): -7 +2 =0 w oot ve Wooke He
(,(_\M,’)'L qvaua\\-cc Cevuada ok

asier (4
whew -7+ (x-w)T =0

Axt— o +2m =1L =0 (+)

x= = 4e) 2 [Chet- () (2mT)
2(v)
\or® — LbWA “x Lb

!
£
3
-

_P
:

(4 marks)

Question 6 begins on page 14.
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Question 6 (8 marks)

Consider the graph of the function y = f (x) shown in Figure 4 where f(x)is defined for all real
values of x. This function has exactly:

» two stationary points, located at B(b, /(b)) and D(d,f(d))

« two inflection points, located at 4 (a,f(a)) and C(c,f(c))

« two x-intercepts, located at B(b, /(b)) and E(e, /'(e)). i porkac) T
Povy )
As x increases for x > d, the slope of f(x) approaches k, where k < 0. Additionally, f”(x) =0
onlyatx=aand x=c.

J D
\ f(.X)
E
< > X
e
y
Figure 4
(a) Complete the sign diagram below for f'(x). Do net ivelude
newn- et Neal valves
f!(x)—— {,Q' q’QJL ow ‘1M
- { + } . x $%5vx d:asfo.w\
b d (2 marks)

(b) (i) Which one statement is true? Tick the appropriate box to indicate your answer.
« As Sl ak A s
St ee per Yk wzc:)w\'“'e-

1'(0) <f'(a)
/'(0) =7"(a)
1'(0) > f(a) v (1 mark)

(i) Which one statement is true? Tick the appropriate box to indicate your answer.

f(d)<0and f"(d)<0 ceas D 5 above Yle
K-o¥S  awdk W &
f(d)<Oand f/r(d)>0 Cown Cave, (cmdex d-oww)
7(d)>0and £"(d)<0 J fe%\'w ot e cocve.
f(d)>0and f"(d)>0 (1 mark)
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(c) State the interval(s) of x for which /" (x)=1.

¢ 0Se  inelusine iv\ec\ua\\\'h’es' Yecause

a £x $C
e cluc.%’ﬁ‘Ov\ does .

(1 mark)

(d) On Figure 5, sketch a possible graph of y = f'(x). Note that k has been added to the y-axis.

o fooks of €l(z) °~\“3vx?e(

Y
with  max/min of  F0x)

* ™in ey of Flx) aligned
Wila {wel. obs  of  Flx)

obodk  Wwail o

e
° {V\‘Co(‘v-\a,fl'ov\
') a3 X iwcreare§ iwaplies
a.)s.]w?&-c\-«'g bJQ"‘(.'.‘.\I\'O\J’{",

Figure 5
(3 marks)
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(e) Does the confidence interval calculated in part (d) suggest with 95% confidence that the new
feeding plan has increased the mean daily milk production per cow? Justify your answer.

s anSwel ¥le vesiw

\[CS) oS Hhe A5°%, con¥idewce iwnbtevvel (dees c1 S'wb%es\- (WCNQ.SQS
Fov e vew e Wes w\/\ol\.] e 5{ ve (eoSovn , e §7a’n'c.( /
nuwevicel  relafion S\ip
aVove e ol e o 209 Vekween He L ok Ve
dol wrean. (2 marks)

(f) The farmer would like the 90 cows’ mean total daily milk production to be more than 2000 litres.
(i) Determine the mean daily milk production per cow if 90 cows had a total daily milk production
of 2000 litres.

2000 e Furnn o kel o¢ 2000
ap W an avereae  ob- 227

= 22,0
(1 mark)

(i) Hence or otherwise, does the confidence interval calculated in part (d) suggest with
95% confidence that the new feeding plan will result in the 90 cows’ mean total daily milk
production being more than 2000 litres? Justify your answer.

c anSwer Mo yes/nd
No, as e conBdence imtervel  comtodng  values (v\o)olaes wot Suqaest
a el o ‘\‘{M"—\u‘”

LSS e 22,72 , ccfl‘eS‘:mv\ol\'j o ss Mo
¢ aive  Veobow , Y c1

1000 \hwg \ne.\‘vxs (;wowuo( . comXeins olve ‘eelow
e ‘\-acﬁn\- o 20004
(Z’marks)
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Question 8 (10 marks)

A self-balancing robot uses a device called a PID controller to stop itself
from falling over after being placed on its wheels and released. Let L(¢)

represent the angle of lean of the robot, at # seconds after release, where This image cannot be
L(t)is measured in radians. Side-on diagrams of this robot in Figure 6 reproduced here for
show various angles of lean, where: copyright reasons.

« negative values of L(¢) mean the robot has an angle of lean to the left
» L(t)=0 means th
* positive values of L(z‘) mean the robot has an angle of lean to the right.

Figure 6

The PID controller’s settings can be adjusted to change how long it takes the robot to reach an
approximately stable vertical position after initially being placed on its wheels and released.

Engineers conducted an experiment using different settings on the PID controller, starting with Setting A.

(a) Using Setting A, the robot was initially placed on its wheels and released. The resulting angle of
lean was recorded for 6 seconds.

Using this setting, the angle of lean of the robot, L(t), at ¢ seconds after release, can be modelled
by the function
L(t)=0.75¢""" cos (4t), where 0<¢ < 6.

A graph of y = L(t) for Setting A is shown in Figure 7.

!
A
1]

4

!u# _

~— = >

\(}/\/\ BEEN

VH% 1

Figure 7
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You may write on this page if you need more space to finish your answers to any of the questions in
this question booklet. Make sure to label each answer carefully (e.g. 8(b)(ii) continued).
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Question 9 (10 marks)

Consider a discrete random variable, X, which has the probability mass function

Pr(X =x)= = -'2. :
x!

where x is a non-negative integer, and x!=xx(x—1)x(x—-2)x...x3x2x1with 0!=1.

(a) Based on the information provided, complete the table below by calculating the missing
probabilities. State your answers correct to four decimal places.

Pr(X=0) | Pr(X=1) | Pr(X=2) | Pr(X=3) | Pr(X=4) | Pr(X=5) | Pr(X26)

0. 1353 0.2707 0.2707 0.1804 0.0902 ©.0736] 0.0166

B
-2 0

# The factorial symbol (!) is|entered by
0! 0.1353352832 pressing OPTN F6 F3 F1

e"2x 25 ) Pressing EXE again duplicates the/entry above
51 ' which can then be edited as required.

- 0.03608940886 [ | [ |

|_x! | nPr | nCr [RAND, (=

(2 marks)

A moment-generating function can be used to find key properties of a distribution without using the
probability mass function directly.

For the probability mass function given above, the moment-generating function is

M(t)=e>"2

(b) The mean, u, of the probability mass function given above can be found using the formula

u=M'0).
Show that 1 = 2.
l 2e%.1 g
M (&)= e N Le sVSe  cheinn eule | Ve cavetul
: 1&0_1 i N~ Fwe 2 ¥Povients |
M= r\(o): e x2e
it © S0 m €20 (dow} Solw)
e [w2ell | (K) M (eyzo
v e ko fSwew’
=\ x|l =2

o ‘wovk\'vs i
VS e conmwnen~dedd (2 marks)
te. &)
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(c) () Showthat M"(r)=2"""(2¢"+ ¢').

k €
u 2e°-2 e -z
M (E)= e x 25 x2ef r e % 2e - prodouck  avd  cloina
L vuleS  wvigeded
= ejle (4‘3‘1-6 + 'Z-CE ) (wf“—\ Co.qQ,)

= 12,&&-1( 2% ref)

(2 marks)

(i) The standard deviation, o, of the probability mass function given above can be found using
the formula

o =M"(0)-u’.
Show that o =\/§.

Moz 227" (2 re®) © S M SubSEhben
o= Czo NN (RAL))

1]

22 L% (2 +))
© Slow  He Sub vl

= 6 6T CQJV\AU\.Q
e-'=j6~?_" (‘no\'tv ot Mo obovt coace
e doe  Siwadettossly
= {z
(2 marks)
(d) Hence, determine the probability that X is within one standard deviation of the mean.
a0.5% Pr ( M- << Mi 0‘) o Caley b pES? awd

s < 3.4\

vealisis VO Havs
= 9c (’L—ﬁ_ < x & “L-—-Fl—)

wrea 5~ x<1,1,% due
ad> % 5 1“0 R p ;v\\-ecxzf “ ade
= Pr C)( =1,7, of 3) 4/ ;"‘\"e‘yf
o fle pva\o. celeoleNon
Coun e dowe Wy

0.7710%F 4+ 6.130%F + 0.1%04

S\)M\N\\'\-\ \Io.,L\){,S '(:V'O\Aa
- 0.3 e prediws  feble
(2 marks)
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You may write on this page if you need more space to finish your answers to any of the questions in
this question booklet. Make sure to label each answer carefully (e.g. 10(d) continued).
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Question 10 (14 marks)

Consider the function f (x)= ln(2(x+ l)z)for x >—1. The graph of y = f(x)is shown in Figure 9.

¥
f(x)
_.---"".-.-.-.-'-Ir

e : : . b x

I 1 |2 3 4 5 67 8

Figure 9

Let A be the area bounded by the graph of y :f(_r), the x-axis, and the vertical lines atx=land x=7.
In Figure 9, 4 is represented by the shaded region.

(a) LetU, represent an upper estimate of 4 using the areas of three rectangles of equakv

WSS Mg
(i) On Figure 9, draw three rectangles that can be used to calculate U/, e b !

Bl [EXE]:Show coordinates

. ) wokelh Hag Y= (2(x+1)%)
(i) Hence, calculate the value of U, wtdta =2 Z T Tar
3 13,3.4657)
2|
Ua= 2% 3,466 + 274.23F + Lx 4.352 / dV/dR£0.25 | %
=227 ¥=4., 852030264
— ’Ls.'l_ @ [HathRadHorm3) [d7c][Real
2x (Y1 (3)+Y1(5)+Y1 (7))
0 25.18886457

(iii) Write an integral expression for the exact value of A. < “

3
I 'F'b‘% dc For part|(a)(ii), draw the graph to ensure that the function is entered
\

correctly. Trace to x=3,5,7 to obtain the function values required.

These values can be called up in Run-Matrix as shown above,
pressing VARS F4 F1 to enter Y. (1 mark)
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(b) Consider the function y = xIn x, where x > 0.

(i) Find S

' | Founi \f ov \)"‘-\

L}

Lxlwag 4+ 2 L e~ vnafeilier'

P

v 4\

Using your result from part (b)(i), show that

"Q O\O‘nfv\
iwteave | o8

vagdost  Fev  Qark (I)CH)

(1 mark)

J1n(2x2)dx=x(m(2x2)_z)+c,

where c is a real constant and x > 0.
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Consider the functions f'(x)= ln(Z(x + 1)2 ) for x>—1and g(x)= ln(2x2 ) for x > 0.
The graphs of y = f(x) and y = g(x) are shown in Figure 10.

y

|
L
\
—
o -
1
o~
[
@_-
-

Figure 10

(c) Describe the relationship between the graphs of y = f'(x) and y = g(x).
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(d) The exact value of 4 (i.e. the area bounded by the graph of y = f(x), the x-axis, and the
vertical lines at x =1and x =7) can be calculated using a definite integral.

Use part (b)(ii) and your answer to part (c) to determine the exact value of 4. Express your
answer in the form p In 2 + ¢, where p and ¢ are integers.
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