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Question 1

(9 marks)

Let X be a normally distributed random variable with a mean of 1 =54 and a standard deviation

of o =6.

(a) Determine

X~N (su,6%)
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i) Pr(50<X<52). -
0 Pl ) Pr(s0& X £52)= 0-17
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(i) Pr(X > 58).
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Figure 1 shows the graph of the probability density function for the random variable X. The dashes on
the x-axis show increments of one standard deviation.

— : i > X

yg!l(su |60
v v
=9 Figure 0 dond Skim
Pasd this
o [ R ]
(c) On Figure 1, write a number in each box to provide a scale for the x-axis. / OIUC.S*' ion..
(2 marks)

(d) Let )_(4 be the random variable representing the sample mean of 4 independent observations of X.

(iy State the mean and standard deviation of )_(4.

e S T o -3

(2 marks)

(i) On Figure 1 above, sketch the probability density function for the random variable )_(4.

% Samne mean (2 marks)
4 Seoller gSdandoarcd devialion

= P\’O\oo\oﬂ‘\-\n c\er\S\-\U Conclion
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ensure ovrea under Ake cCurve
s 4.
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Question 2 (9 marks)

Car A and Car B are toy cars powered by compressed
carbon dioxide. After they are released from a starting

point, the cars travel only forwards in a straight line, This image has been removed
and are observed for exactly 2 seconds. for copyright reasons.

Car A's velocity ¢ seconds after it is released, v, (1),

can be modelled using the function

A 15t
Vi (t) =3¢ -3 Source: adapted from © LEAP Australia |

where v, (1) is measured in metres per second and ¢ is www.computationalfiuiddynamics.com.au

measured in seconds for0<¢f<2.

(a) Determine Car A’s velocity 1 second after it is released.

\v.8SCY) B FmHogm]
Val(i)=23e -3 T~ e 3el-5(W_3
10.44508721
ron 0
= (0.4 m /s mode.:
unis!t

(b) Lets, (t) be a function that models the displacement of Car A from the starting point ¢ seconds
after it is released.

() Show that s,(#)=2¢"" —3¢—2. Assume that s,(0)=0.

Sa(r) = f\la(ﬂ dt
Sal(t)s= J'Be."St-S dt

.St ot at+b
=3 e "-3taC fe dt « e +c
\.§ Q
.St

= Qe -3t «+C

Since Sa(01=0,

o
O=2e -3(03* C .8t (2 marks)
=Sc=-2 . Saldy=2e -~-3t-2
(if) Hence or otherwise, determine the displacement of Car A from the starting point 2 seconds
after it is released.
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SA(2Y= 2e -3(2)-2 B Eiem) @Ok

3e1.5(1)_3

= ‘D e 10.44506721
32 — 2e1.5(2)_3(2)_2

| 32.17107385
S~ unnaiS. 0

JUMP JDELETE PMATVCTI MATH

page 4 of 14



The graph of y =v, () is shown in Figure 2.
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Car B’s velocity ¢ seconds after it is released, v, (t) can be modelled using the function

v (1)=6.61" +8t

where v, (t) is measured in metres per second and ¢ is measured in seconds for 0 <7<2.

(c) On Figure 2 above, sketch the graph of y =v, (7).

% Use ecap\m aPpP 1o easil (2 marks)
access poinis for ploiting oy hand,

(d) For what values of f was the veIocﬂy of Car A greater than the velocity of Car B?
Use FS GSo\v,FS Tnisect o

[Hath)Rad florn]) Rea
P(M Va & VB Graph Func  :V= iew Widow 'nd jnderseciion,. USe arvroewsS
Y1E6. 6x +8x [—]1] [EXE]:Show coordinates L a'a) \‘e
Q o ] = x2+8x - ° o
P~ app Y2831 %3 [—1 Soalet oo 3(e (1. 5x)-3 vetluee
US| \EE S dot :5.291xe08 : .
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Crom G 3""9- S R TP AT)  (T ) T RO AT T . (1 mark) Poivnd 8
2 Y=29.152119N2T38ECT ' sa ‘ t ‘ 2

(e) Which car, Car A or Car B, do the models suggest has travelled the furthest during the 2 seconds

that they are observed? Justify your answer.

Giiven Awe cors only Arovel forwacds, Salt)
& Salt) vepreseni \&« disiance Aravelved:

SA(').\-.- 32.2m M oA\ ‘_-1 @
* D = 13.51340733
SB(Z)‘:J' 66{',2'-}3&, fcbc F1 166x+8xdx
. 33.6
=33.6 '
(2 marks)

Caor B 4rave\led 4ne Cuciwnest,
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Question 3 (6 marks)

Consider the function /' (x)=In(x+3)where x >—

3. Agraph of y = f(x) is shown in Figure 3.

¥

A

\

y

Figure 3
(a) Determine f"(x).
; _d_[ln(C(x)\] = £'(x)
FP'lx)= _\ dx € ()
oC+3
(1 mark)
(b) Calculate f'(0).
F'loV)= A _ = L
o+3 3
(1 mark)
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Let g(x)=bIn(x+3), where x >—3 and b is a positive constant.

Figure 4 shows the graph of y = /'(x) and y = g'(x). The y-intercepts of each graph are labelled
A and B respectively.

Figure 4

(c) The vertical distance between points 4 and B is 2 units. Determine the value of b.
point Az ez 0) =Y A=1(0,"s)
Given Ay B are 2 uniis apard, B = (0,2%3)

Bis o point on a'(x) ()= b
.'.‘r\eed?-\c; Cind (x)/s *'T <53

Sub in peini B

AM3 = _b
O« 3

2. b= 3(2Vs)
b = 7 (3 marks)

(d) Hence or otherwise, state the transformation applied to f'(x) to obtain g (x).

.. vertica\ dilation b% a Factor of 7

(1 mark)
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x=z 23, N=100
Question 4 (12 marks)

(a) Consider a scenario where a random sample size of 100 is taken and 23 successes are observed.

(i) Fill in the boxes below to form a 95% confidence interval for the population proportion of
successes, p.

0.148 (<r<|Q.3\%

(1 mark)

(i) Does the confidence interval calculated in part (a)(i) contradict the statement that p = 0.35
with 95% confidence? Tick the appropriate box to indicate your answer.
/

\/ Yes No (1 mark)

(iii) Justify your answer to part (a)(ii).

Tt coniradicis 4he Slalement since
0.39 s nod included in e

intecva)
¥
(1 mark)
In 4he Siodtistics app:
Intv FY
2  Fa
- Prop F1

B [d7c)Rea)
1-Prop ZInterval
C-Leve :0.95

X :23

n 100
Save Res:None
Execute

Press exe

B [Rad(Norm1) [d7c]Real
1-Prop ZInterval

Lower=0.14751834
Upper=0.31248165
p =0.23

n =100
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(b) A mathematician is demonstrating that not all calculated confidence intervals will contain the
population proportion being investigated.

The mathematician uses a population that is known to have a population proportion of 0.35.
They take 50 independent, randomly generated samples of size 100 and calculate 50 independent
95% confidence intervals.

Figure 5 shows these confidence intervals as vertical lines, where the vertical position of the
endpoints of each line represents the limits of each confidence interval. Each confidence interval
has been assigned a label from 1 to 50.

The population proportion of 0.35 is represented as a horizontal dashed line.

0.60
&
0.55 ~ .
2 6 10 T 34 37 44 49
0.50 TsT g 15 23 T 38 T
ASITE T |u Pl 7 5 973 a s ¥
1T 9| |1 T 102 |24 il 2| i
T T T126(28 T 36 50
0.40 - 22 35 42 T
7 a4
T 39 43
4L - 18 - L™ 47 L
0.30 1 |1 1 - -
0.20 - + a a 1
0.15 A L b
0.10
Figure 5
(i) Identify the assigned labels of the three confidence intervals that do not contain the
population proportion.
(1 mark)
(i) Ildentify the assigned label(s) of the confidence interval(s) that could be used to support a
claim that the population proportion is greater than 0.35.
(1 mark)
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When a 95% confidence interval for a population proportion is to be calculated using a random
sample of sufficient size, there is a probability of 0.05 that the confidence interval will not contain the

population proportion.

(c) Let X be the number of 95% confidence intervals that will not contain the population proportion
out of 100 independent 95% confidence intervals to be calculated.

(i) Assuming that<X can be modelled using a binomial distribution, fill in the boxes below to show

In the

opp-
Selech

binomia)

disiriouiion

B8 Red
Select Distribution ”

the value of the parameters of X.

r-afieo] o)

(2 marks)

If 100 new, independent 95% confidence intervals are to be calculated, determine the

Binomia
Normal probability of observing:
Poisson i
(1) exactly five 95% confidence intervals that will not contain the population proportion.
‘-Einm;“ial = B _[OPTN][F1]:Edit/View Value
. Select dne  Click exe Tommme peo.0s
ﬁumtrialzloo covrect tat) ﬁP_(‘_X_-'v"_ﬁ_)‘_:‘O. ‘3
P : 0 . 05 & e'\-\e( 0:1
Execute values | r
IIIEI DETAIL 12 24 @5 48 60 vz 84 95 108 (1 mark)
(2) atleast one 95% confidence interval that will not contain the population proportion.
] E [OPTNI[F1]:Edit/View Value
Binomial P> = ©.994
P( X >, | 3 =0. qqq Tail :iA (X>) Numtrial=100 p=0.05
x : Uz
Numtrial : 100
P :0.05 0:1
Execute
DETAIL e s s s
(d) Determine the minimum number of independent 95% confidence intervals that would need to be
calculated to have a greater than 0.5 probability of having at least one 95% confidence interval
that will not contain the population proportion.
Need 46 Gind n sucw\h *hoY Pr (X% 1) Yv0.5
Pr(X21)=1-P(X=0)v0.5 < The pinimormm
Nnur bec of
R . l-P(x=0)vy 0.5 Confidence
ememboerg I wiecval\s S
¥ is P(x=0)<O.S Iu.
binomial

vse dvst”

app &
4ria) ¢ ercor.

©. 0.95°¢0O.5
Nete: coold nNnin (0.45) < In(o.85)

N>

(3 ) (0.08)°(0.45)7¢0.5

NnNYW3.5

Nn(S.95) \n (0 a5)
(o -a95) %1001‘14 <O

= ir\equa\i-\n
Cups.

In dhe run mode:

s )
j06.6x2+8xdx
33.6
In (0.5)
In (0.95)
13.51340733

U
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Question 5 (5 marks)

Consider the function f(x)= Lz , Where x # 2.

(a) Use first principles to find /"(x).

| dond € A
F'le)= imm  Floe+h) = F(x) 4?,!; \w?sf\‘a"
n->0 [
= lim (.&*_b_ - 2 ) x \
hW>0 \xx+w-2 >x -2 n
=\im  ((ocan)(x-2) — oc(xsln-2)
w0 ( *(x-m-n(-x.-:n )’dvl

= )y "_‘ 2 e =2\ - -
h\-vrb ( L:z-w\-—z;c(x =29 m%}é

»‘f‘l‘o(c’ﬁ%ﬂm) T

]

= lin ( )
h->0 (ac.-th-z‘)(ac.-z)
= -2 XN #£ 2
(2 —2)> L
'4's easuw 40 ckeck
onswernwv\\n Q
AifPerertiation :
FilaeY= A (2e-2)=2e(V)
C>x-2)2
-2

(-2 )41marks)

(b) Hence or otherwise, state the slope of the tangent to f(x) when x =6.

PFC6Y)= =2 = =2 = -2 - -\
(6-21? y* L6 8

(1 mark)
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Question 6 (12 marks)

A company produces bags of sand which are sold with a labelled
net weight of 400 grams. The machine that fills these bags has a
stopping mechanism that is designed to stop adding sand when
the net weight of the sand in a bag first reaches 400 grams.
However, sand often escapes the stopping mechanism, resulting
in bags containing excess sand.

No-Flood
ABSORBENT

SAND

The net weight, in grams, of the sand in the bags, X, can be 400g

modelled by the probability density function

k P

Source: adapted from

. " © klyaksun | vecteezy.com
where 400 < x <440 and £ is a positive constant.

(a) Use an algebraic approach to show that k =

Yo Inl.1
f Kk dx=| becavse .QLx.‘) is “}
Hed o P\"ObOb!‘\’tS de\‘\S\'\S €
[' k In () ]"“ = n(A)=In ()
uoo

- 4)

k \vn(yuo) - win (400 =1 I~ 4he runmode:
< (n(ug)) -
Yoo

j4oo (Iln 1.1)x
0.2590763404
440

Coo ko= \ 400
\vn(\\) 0 Lal

410 1

(b) () Calculate LOO i

Ik (=]
Iniwe vun mnode f“‘ S I—— Vv
MATH Fu o . 72,3067 | .. Juod (\“(\.\\x\
F6 [t
s dx, 1 0.2590763404 =0.25% (an
D ( )
> ]

(i) Interpret your answer to part (b)(i) in the context of the problem.

'ﬂv\e wrca\oa\o\\\-\:s Vol one rondom\n c\hosen
03 \ns belwoeen u0d0 s UuUwo grams
0. ’25

(1 mark)

page 12 of 14



% The guesiion aAsks LS +o
Show ,Juoc=l—'=‘9-——h(,.n '

wuo The calculodar il
X =f 3\( ' ) dx nat present a exact
ueo InCi-V)5e Solution (only a
u4o dec.nnal\l a \“QX%N\Q‘HO!\)
:f A\ dx SO0 ensovure 4o do
- n (1)) bn hand!!

(c) Show that the mean of X'is u, = 14101 grams.
nl.

Yuo
= ! %
l-\n(l.ﬂ ]uoo

Huo - _4oo

(i) inCi1.\)
- HQ (3 marks)
tn(iY)

(d) The company alters the stopping mechanism in order to reduce the amount of excess sand in
the bags.

After the stopping mechanism has been altered, they take a random sample of 25 bags of sand
and find that the mean net weight of the sand in these bags is 417 grams. Assume that the
standard deviation is o, =11.5 grams and the sample size is large enough for the central limit
theorem to apply.

(i) Calculate the 99% confidence interval for the mean net weight of the sand in the bags after
the stopping mechanism was altered.

) B ) THES
6—%ample %Intngal E—Sampé?126$ggggal
ata ‘vVarilia e ower= .
In the INTR F4Y4  C-Level :(l)igg ypper=2%$.924407
° o (o) . . X =
Statistics 2 F % 417 n =25
L] n :
oPp - Sample F1
(2 marks)

U\ £ My £uas

(i) The company claims that after the stopping mechanism was altered, the mean net weight
of the sand in the bags has reduced. Does the confidence interval calculated in part (d)(i)
support this claim with 99% confidence? Justify your answer.

No, since Ake irnderval includes 4we
original mean o _uo = u20g .
in(t-1)

(2 marks)
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Question 7 (10 marks)

-2
Consider the function f(x)sz. = %
X

(a) Use an algebraic approach to determine the equation of the tangent to f'(x) at x =1.
Slope of ‘\ov\sen-\ = f'(V)
Flere -2 272
Pli)= -2 > =-2
tangenis have eq’ of form ysmxac

m=-2 WiV Pass dahry (Vs V@) =(n)
L Sub i (V,)V) 40 Find ¢
o\l = —2(\"\C
- eq’ of -\Onaen-\
C = \ %2 o+ B\ s
ld=-2x. 23
cC =3
(3 marks)

(b) Determine the x-intercept of this tangent.

22 ind =Y 3:0

O=-2243

\ -3 = -2 2 = 3/

‘C\Agc\& Souf ANSLICY X0 pord O on g-calc (1 mark)
boem— xoegen RETTIE pnud
Vil s t—1 c " |[Enter X-Value 4o Find
nier ) 1 . eq- of
Y3: [—1 A ' X:1 i q
Ya: [—] Press L uwagon e YOWN 36“‘\
sctzaoeLeTe] Tvee L TooL Jonaini iR = R e PR EoT T T TON-EROR P T o) aSe .

E FetiRadfornd =@ pv'ess 1=S_elte‘c2;: run p\osi:ion se exe
Skedch Fy ) Tm ce:\
\ Tangen F2 / /N © Q*
|| | 1 4 | 1.1) rent .
A | - 22X+ X s “.
s Tiawenil orm inverse L 5] g T olutio
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1
Consider the function g(x) == , Where k is a non-negative constant. The x-intercept of the
Xk xe yov ore stuclke add

w=o (G4 BHL) +o
4{able 4o help you See

tangent to g (x) at x =1 is shown in Table 1 for various values of £.

Table 1 the patern
/
k (&) 1 2 3 4
\ 1 1 1 1
g( ) 2 +1 X2 +2 x2+3 x> +4
x-int t of the t 5 7
metgczp oati aTge”‘(_Q o) (2.0 (2,oj }3,0) (2,Oj
L','-L (0§
2 ;A
(c) Make a conjecture about the x-intercept of the tangent to g (x) = ey atx=1.
(“5>-°)
2
(1 mark)
(d) Prove or disprove the conjecture that you made in part (c). . 43
Non-\ 40 Show ¢ int of -\on%zw\ ot =\ {8 "o
. Find 8 (l\
Aloe )= (>4 wY
-2
Q') = —\(c?a2k) (222)
= -2 s )=_<2
(x4 w)H* 6 Ci+ KI*
. Find eq” of 4ansen-\
= ==-2 o +_ Ka3s
2 - 2 ' \®
TeamT € P g
3. Find o= irst (3= o)

\
sses 4wy (v 1a)
Pa et ™ O = 2 o 4 ikas

= =2 _410C Cwar)? {w
la\ Cwr+\)
K22 =_2

(k4t\)? (k41>

o= A 4
14K (war)?

c=_Kk13 OS req,.

Kat+2 s (5 marks)

2
(k-‘ ‘\ page 3 of 14
W+ D
(war)?

o C
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Question 8 (12 marks)

Park-0-Rama is a multi-storey 24-hour parking garage. On a day
in 2024, ¢ hours after midnight, the rate at which vehicles:

+ enter Park-o-Rama can be modelled by the function £(7)
+ leave Park-o-Rama can be modelled by the function L(z).

Both E(¢) and L(¢) are measured in vehicles per hour for
0<t <24, and Park-o-Rama contains no vehicles when ¢ = 0.

Graphs of y = E(l‘) and y = L(l‘) are shown in Figure 6. Source: adapted frm©;99 | iStock.com
y
60 A
/™
50 /
B
40 / N Zae B
/ N N
» L), P,
i
N £t N
10 \
_— S~ Iy
5 10 15 20
Figure 6

The t-coordinates of the labelled points and the values of various integral expressions are shown in
Table 2. Assume that B, P,, 5, and P, are stationary points.

Table 2
Point P R B B B | PR | R
t;, the t-coordinate of P, 8 10 13 15 17 24
f: E(t)ds 130 | 230 | 347 | 429 | 462 | 471
f : L(f)dt 40 | 96 | 177 | 227 | 298 | 406
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(@) (i) Itis known that E(9) =50.6. State the meaning of this result in the context of the problem.

E(t) wvaodel the rale ad which cars entel

+he cor pork.
. E(AY=850.6 wneans cocS ender oGt a raie

OFf 50.6 vewnic\es per hour at A hours
oc+ter Mid“\smo (2 marks)

(i) Use the information given on page 4 to determine:

(1) how many hours after midnight vehicles were leaving Park-o-Rama at the maximum rate.

max raie of vehicles leow:ns occurs

at Ps ;.e. wohen t=17,
S 17 hours gtier m\dnis\ﬂ-’t

(1 mark)

(2) how many vehicles entered Park-o-Rama during the 24-hour period.

24
E(t)dt = u\

o
11 40 24 (1 mark)
hours
(3) how many vehicles left Park-o-Rama during the final 7 hours of the day.

2 2 (S ]
[ YLie) de - [ Y Leer de -f LiEIdt
T o °

- q06~ 2q$ (1 mark)
=108

(iii) The maximum number of vehicles in Park-o-Rama was 202. How many hours after midnight
did this occur?

< +

# of vehicles = f E(t)dt -f L{t)dt = 20
Q% tive L [.) o
From <able 2:

1S S
[ ecerat - [Treer o
o o

=u29-227

=204
4 =15. The MAXiMLUM NnumMmber af vewnicles

occurs 1S hours af+ter midn(sh-\-.

(1 mark)
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Mx =
= 2.25(0.43)4 3.06(0.01)

In 2024, one study found that:

* non-EVs have an average weight of 2.25 tonnes
* EVs are 36% heavier than non-EVs
* 7% of vehicles are EVs.

(i) Use the information given above to complete Table 3.

(b) Recently, more people have started driving electric vehicles (EVs).

EV's are
36 7- weaviec
+on nen EVs

. 2.25%x1.36

Table 3
= 3.06T
Non-EVs EVs
Weight (tonnes) 2.25 3.06
Proportion of vehicle type 0. 93 0.07
7
({Q 7. of vewnic\es, (2 marks)

Q37. are non evV.

Let X represent the weight in tonnes of a randomly selected vehicle in 2024.

(if) Use the information in Table 3 to show that X has a mean of i, =2.31tonnes (correct to

three significant figures).

ZXPx

=2.3lI

T the run enode:
B HatRadFornl [dic)Real

1__
28 . gstwol 100

100
0. 1475168284
2.25(0.93)+3.06(0.07>
2.3067

L]
JUMP JDELETE PMAT/VCT) MATH

The engineers working for Park-o-Rama are studying the day considered on page 4. They would
be concerned if the total weight of vehicles in Park-o-Rama exceeds 475 tonnes with a probability

greater than 0.005 at any point during the day.

(iii) Determine whether the engineers would be concerned.

Assume that your chosen sample size is large enough for the central limit theorem to apply,
the vehicles in Park-o-Rama constitute a random sample of vehicles, and that the weights of

the vehicles, X, have u, =2.31 and o, =0.207 tonnes.

We know 3hwe max # of cars s 202 however

we don4

We know

To see if dle eng
Ccalc Pr(+ve

X has pMx =

unow e ™ossS of Awe cacs.
2.3\ and O x=0.207.

ineecrs are concerned:

"ass of 202 car8S74IST )

e =413
202
uS(na: X a02
,.»;‘-“zaz.a\
©.207
THaea = 202
~P(x2>x)=0.002<0.05
S.Nno concecn.

'Ih '\\ﬁe digiriovtion goo:

13
B [oprm[n] Edit/View Val
Ngrl‘lilal 'A(XZ) PR, 1e- sxew alue
x 19.35148514 020.0145 p=2.31
[ 0.01456446
2 :2.31
Execute

‘ /\ = g
DETAIL [== _P(x22.3512)-E90E

=A_014BE u—9 21

No+*€ : Tosee full SQ\“, nod sus+ Enter Value
1. d.p, use rigWt arvow .197118323x10-03
‘o \mah\\ W+ BE-3, clic\y e
OP‘“’\ ed C cl\ 228 235




Alderrnale solvtion 1o 8b (i)

Insdiead of usirng the disicibbution of 4he

Sample mean, you couv'ld use x\he districuiion

of 4t\hhe sampe sSums.
Let Sa202 be 4he disicipuiion of

Sample soms foar saompes of Size 202.

Saea ~N( 202%x2.3%), O.zo‘thzoz. )

Using 4he distribolion ape:

B
Normal
Tail TN (X2)
X 1475
(4} :2.94202277
L :466.62
EXE DETAIL
Bl [OPTN][F1]:Edit/View Value
P(Xz  475)=PTEE * When the
0=2.042 p=466.62 Pro bol \ixies

avre small, you

valve v

. \n\'%\n\'\%\r‘é\ihg
456 458 460 462 464 466 468 470 472 474 476 478 -‘ \'\C 2 . 1 6-3
ond pPvess:
o\:)-\ N
B Edid F1

P(Xz  475)-PTEE /
Enter Value
2.197118323x10-03

™56 458 460 462 464 466 468 470 472 474 476 478

5. P(S302 2475 ) R 0.002 ¢O-05

S..NO concem

can see t\e dvue




Question 9 (12 marks)

(a) Consider the functions f(x)=e" —4¢’ and g(x)=e’" —4e”*. Figure 7 shows the graph of
y= f(x) and Figure 8 shows the graph of y = g(x) with the stationary point of each function
labelled as P and Q respectively.

~
.

" Tn the graph s p
aep: . y

-
<

o
3 k
Y
=
4

oQ

—

=

~—
o
AV

_— 1
E HatiRadforn] H
Graph Func :VY= 1
: /(%)
Y2=e3" 4e* [—1 1
Y3: [—1 |
Y4: [—1
Y5 : [—] ! 0
Stiag DELETE] TYPE 1 TOOL JLN/al IIE '
% Ensuve to set ! Figure7 Figure 8
v-window +o Captore
botw P and Q ! .. :
_Complete Table 4, below by finding the y-coordinates of P and Q.
B I
2-SEV ’ 1 Table 4
X0
|
H Point y-coordinate
1
i P 0.0b25
-9.6 I‘
Use G-so\Wv FS & 0 -q.y8\
Mo or min 4o Find L T P ===, (2 marks)
P2 Q. Tp select which €, use the down arvrow.| LsSe S'CQ\C'
(b) Consider the function y = e“ " _ 4> where a is a positive constant such that a # 2. Qs onl
two warkg

1 8
(i) Show that the x-coordinate of the only stationary point of y = e —4e*is x = 2 ln(j.
a— a

S-\a*\onond \mm-\ occurs when Y (%) =0

y'()= ae x-% 2* -0
.~ ae?”=8e
.ef = 8 % - a®°
e'zx. a Qa
(a-2) > L
= O
( ) A
ln (e,a z-x.)= n ( 8/a) ne' = Ax

(a-2Y%x = \n (%)
= \
gz (8),

a-2
(4 marks)
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2

(i) (1) Show that the y-coordinate of the stationary point of y = e™ —4e“"is y = 4[—] (2 a}
a a

Sub \ i3 in A cacm—\-\eh°
0 'x'-a_:i \n(a) in 03_

Qe

=e®™-ye™
a( Nq-2) (%\) - ye ( \/ (a-2) In ( 8/0))

5 ‘n ((_ /(a-q) ln (( )2/(,_‘_7_))

(4 marks)

(2) Determine the values of a for which the y-coordinate of the stationary point of the
function y = e™ —4¢*" is positive. Justify your answer

3 coordinaie : '-l(as_) Ap (.?..J) >0 where &007:2

6iven aQavo:

= _5_ >0
‘J./(a-z')
=2 (—) (2 marks)
Now caonsider ( a ) L.0O0Cca <2 ensures
We want —q—‘l >0 ithe cd-coordir\ode
=912 -av0 O¢ Ahhe 8"‘0‘\‘67\03
point of y
= - Qa>5-2 vy
pPos\twe.
=N ac2
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Question 10 (13 marks)

Consider the function /' (x)=e “*" for 0 <x <27z with derivative /"(x)=e “*"sinx.

Figure 9 shows the graph of y = f(x)and y = /'(x). The two functions touch at P.

y

A

<

Figure 9

(a) Use an algebraic approach to determine the exact x-coordinate of P.

The po§n-\ P wi\\ lhave coordinales

on £(c): (p., & cos:Pn)
-CO0S V)
on F'lx): ( Py e P sin(puﬂ

- CcOo V) -CO )
S. e i ze ¥ Sin(py)

I\ = S\n (P\)

Lopa = sin” (1)
(3 marks)

&

cos(™2Y=0

S P wild \have coordinates

- coS (T
(- <77)=(3)
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Recall that f'(x)=e " for 0<x <27 with derivative f'(x)=e “**sinx.

(b) (i) Show that /" (x)=e ***(~cos” x+cosx+1).
Note that cos’ x+sin’ x=1. —% Sin*se = | = COS*

P (ac)= & “%% ™ (sin)
Fiae) = simoc e 00 (Sinxe)+ € “**(cos x)

-COSx
= e (sirtx + cosx)

Sub in sin?c=1-cos?*xx
-COS %
e (-

=COS ¢
=e (-cos*>c +cosx+1)

costsxc 1cosx)

(2 marks)

(i) Hence, use an algebraic approach to determine the values of x such that /" (x)= f'(x).

F'(2%) = Fl=)
=9 ey‘*('coszxacos:c-s ) = e-/cosx-
-coS*>caco8x 4\ = |
-cos*x +cosx =0
cosx (-cosx4V)=0O
° = oY —Co8xa\=0

=7 COSQC--' ‘ (3 marks)

Since 0g¢xg27:

D

o
XL =0 or 2T

W BU=)=C () Lownen
x=0, T, .3% & 2. fosxg&2wd
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Figure 10 shows the graph of y = /"(x) and y = /" (x), which intersect when x = k and at one other

point. The two distinct regions enclosed between the two functions from x = k to x =27 are denoted as
A and B, as shown in Figure 10. The areas of these regions are measured in units squared.

A
l:c 2 & 2
7'(x)
L}
o oA

Xake cacrefu\ note
st~ Lsnicly guedtions
J— Yhew refer 1o, T

wil\ \p 3°° answer
+ne Qoe Stion,

Tn por-\- bii, we showed V()= F(xx) Wwwhen
A = i, 3’“’/2 32MW. In pard Q, we showed
-\\nq'\ ?(‘“’Izl =€'(I2). .
ven P'('wm=9<""l=) and Q(r /2)=@'(™/12),
e (™/2) = C(TTI2)
F'(e) & €"() meet ot point K

o= WA (1 mark)

(c) Use part (a) and part (b)(ii) to explain why & =%

(d) Use an algebraic approach to determine the exact difference in area between region 4 and
region B.

D€ in afeoe A-8 Lt
f (P(:q £(5e)) dx f (P"(x) -F(x)) dx

. fw P'(ac.)dx- [ Pl )dx f "Poe)dx 4 f Fa)ce
la

/2 oc?
:f""'p'(,a clx - j‘ P"(x.) dx
)q W2

n
see nexd page for regd of sol (4 marks)
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MATHEMATICAL METHODS FORMULA SHEET

Properties of derivatives
@)= r@a) s e
d[fmJ S ()g)- 1 (0)g'(x)
dr| g(x) [e(x)]

S (e @)= r(e(@)e ()

Quadratic equations

—b++b* —dac

2a

If ax’> +bx+c=0 then x =

Discrete random variables
The mean or expected value of a discrete random

variable is:
pe =D (),

where p(x)is the probability function for achieving
result x.

The standard deviation of a discrete random
variable is:

Oy Z\/Z[X_HX]ZP(X)'

where 1, is the expected value and p(x) is the
probability function for achieving result x.

Bernoulli distribution
The mean of the Bernoulli distribution is p, and the
standard deviation is:

p(1-p).

Binomial distribution

The mean of the binomial distribution is np, and the
standard deviation is:

Jmp(1-p),

where p is the probability of success in a single
Bernoulli trial and #n is the number of trials.

The probability of k£ successes from # trials is:
Pr(X =k)= crp* (l—p)nfk,

where p is the probability of success in the single
Bernoulli trial.

Population proportions

The sample proportion is p = £
n

where a sample of size n is chosen, and X'is the
number of elements with a given characteristic.

The distribution of a sample proportion has a mean
of p and a standard deviation of

p(l=pr)

The upper and lower limits of a confidence interval
for the population proportion are:

YT YT
PG p(1-p)

<p<p+z

where the value of z is determined by the confidence
level required.

Continuous random variables

The mean or expected value of a continuous random
variable is:

o = [xs (),

where f'(x) is the probability density function.

The standard deviation of a continuous random
variable is:

oy = T[X—uXVf(X)d%

where f'(x) is the probability density function.

Normal distributions

The probability density function for the normal
distribution with mean 1 and standard deviation o is:

£(x)= ;e_%(%f_

All normal distributions can be transformed to the
standard normal distribution with =0 and o =1 by:

_X-u
—

zZ

Sampling and confidence intervals

If X is the sample mean of a sufficiently large sample,
and o is the population standard deviation, then the
upper and lower limits of the confidence interval for
the population mean are:

IA

X+z

10

(e}
X—-7—F—=<
Nrias

where the value of z is determined b
level required.

the confidence

<
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